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from the atmospheric data[1]. Now the SNO data[2] together with SuperKamiokande
data[3] have solved the solar neutrino puzzle and pinpointed a solution among four so-
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are mixing angles which appear in the solar and atmospheric neutrino
oscillations, and in eect are mixing angles between the 1st and the 2nd and between the






are the squared mass




















is the mass of



















> 1 [4]. Another important





j < 0:16 ; (2)
where V
13
is the element of the MNS neutrino mixing matrix[6] representing the mixing
between the 1st and the 3rd mass eigenstates. If we combine these information, the























































where we included two Majorana CP violation phases[7, 8, 9] in the mixing matrix which
play an important role for the neutrinoless double beta decay[8].
Among the above experimental information, the most mysterious point is the puzzle
why jV
13




. If it is really
1
small, we have to nd out the reason for it. For a small quantity at the low energy scale,
the naturalness usually asserts that it is zero at the higher energy scale, because it is
quite hard to reproduce such a small quantity at the low energy scale.
In this paper, we consider a possibility that jV
13
j = 0 at the energy scale where the left-
handed neutrino mass is induced by the see-saw mechanism. There are many advantages
to consider this possibility. (1) The small value of jV
13
j is naturally explained because it is
induced by the radiative correction. (2) This scenario may be realized in some theoretical
models at M
R
scale[10, 11, 12, 13]. (3) The Dirac CP violation phase is induced by the
radiative correction.
Now, we consider the neutrino mass matrix which predicts jV
13
j = 0 at M
R
scale,
in the diagonal basis of the charged lepton mass matrix. This mass matrix contains
only seven parameters, three neutrino masses, two mixing angles and two Majorana CP
violation phases, and thus there is no Dirac CP violation phase at M
R
scale. This may
gives an possibility that the Dirac CP violation phase which appears in the neutrino
oscillation may be related to Majorana CP violation phases, which may be related in
the leptogenesis, since in our model, two Majorana phases are associated with phases
of neutrino masses and they may well have some relation with phases from the heavy
right-handed Majorana mass matrix.
This paper is organized as follows: In Section 2, we explain our model and the frame-
work of neutrino mass matrix. The radiative correction is taken into account and the





. In Section 3, the general feature of our result is explained
and the predictions are given. In Section 4, by using analytic result, numerical analysis is
made on the induced size of jV
13
j, the Dirac CP violation phase, Æ, and the eective mass
of the neutrinoless double beta decay. The discussion on the absolute size of neutrino
mass is given. Summary and discussions are given in Section 5.
2
2. THE MODEL
We consider a class of left-handed neutrino mass matrices which gives V
13
= 0, where
V is the neutrino mixing matrix. We assume that this mass matrix is derived by the
see-saw mechanism according to the SUSY GUT scenario at the right-handed neutrino
mass, M
R
scale and evolves following the renormalization equation for MSSM to the Z
boson mass scale, m
Z




scale is induced by radiative correction.
We examine the size of V
13





, and the eective mass of the neutrinoless double beta decay, hm

i.
(a) The mass matrix at M
R
The mass matrix which gives V
13
= 0 is generally expressed in the diagonal basis of






























. O is the mixing matrix at M
R



















































. In the following, we use 
ij
only as an angle at M
R
scale.
(b) The neutrino mass matrix at m
Z











diag(1; 1; ) ; (7)
where  is dened by







































expectation value of MSSM Higgs doublet hH
i
i(i = u; d).
In order to estimate , we assume the right-handed mass scale, M
R











= 1:777(GeV) and v = 245:4(GeV), we nd
8 10
 4
<  < 5 10
 2
: (10)
(c) Masses and the mixing matrix at m
Z
The eect of the radiative correction to neutrino mass matrix has been discussed
by many authors[14, 15, 16] and the following is known. (1) The mixing angles are


















Majorana phases in neutrino masses may play an important role[16].
Since the stable case is well analyzed, we focus on the unstable case. That is, we










































and we chose the convention, 
21
> 0. The
diagonalization of the neutrino mass matrix is made analytically and the derivation is
given in Appendix.
In the following, we summarize the result derived in Appendix. As for neutrino masses
themselves, corrections are small and of order M
i

















































> 0 ; (13)
4




















In the above, we required m
2






= 0:34 < 1. As for mixing angles, the radiative correction does not
























in terms of observables at
the low energy as possible as we can.









































































































The induced mixing element, jV
13



















































































In the mixing matrix, 
12











As we explained, we take the convention m
2

> 0 for which the result from the














(a) The solar mixing angle






















= 1   p
2
; (22)




< 1. From Eq. (17), p is given by
p = cos 2
12


















where we used sin 2 dened in Eq. (18) to derive the second line and we dened the












From p > 0 together with h > 0, we nd cos 2
12




> 0 in Eq. (13). With 
21
> 0 together with the above condition,
only consistent choice is
cos 2
12
> 0 ; cos 2 > 0 : (25)
6
Now that the sign of cos 2 is xed to be positive, we can eliminate cos 2 in Eq. (23).





























































































































Before discussing the meaning of these equations, it should be mentioned that the




)j  j sin 
12







are quantities at M
R
scale.




















, (2) the small  case which corresponds to the small tan ,
(3) the special case, 
0



















holds for most of models, because physically feasible models have to predict
small values of jV
13
j. Thus, we can generally say that the model which constructed at











= 0:34. The bi-maximal mixing scheme which is realized at M
R
is not
acceptable from the present experimental data. This may give a big obstacle for model
building, because the model should predicts the experimental angle which does not have
any particular meaning in the stable angle case. On the other hand, for the unstable
case, the model needs to predict smaller value at M
R
and the radiative correction lifts
7
the value to the experimental one, by the interplay among neutrino mass, tan  and the
CP violation angle, 
0
.



















, in comparison with corrections to the mass squared






(c) The CP violation angles
The Dirac CP violation phase, Æ is induced from two Majorana phases. Since 
0
is




















for which we analyze numerically in the next section. We hope that the knowledge of the
phase 
0
may be derived from the information from the leptogenesis.





, the eective neutrino mass for the neutrinoless double beta decay in








































































































. In the following, we conne the region of 
0
to be 0  
0
  to discuss
above quantities numerically.
The radiative correction is proportional to , which is a rapidly increasing function of
tan  as seen in Eq. (8). Therefore, the eect is smaller for smaller value of tan. In the
following, we consider two cases, tan  = 50 and tan  = 20. For the numerical analysis,
we use the experimental data given in Eq. (1).















scale. Therefore, when we give




, three parameters are constrained and the contour curve for a given

0








plain is shown for








are allowed which may be
seen from Eq. (28).
A particular feature is that the most of region corresponds to =2  
0
 . That is,
if we choose the value of 
0







reproduce the experimental solar angle with an appropriate choice of m
1
, which should
be greater than, say, 0.02 eV. If the mass m
1




is stable and should
reproduce the solar angle precisely at M
R
scale.
(b) The induced value of jV
13
j
As we see from Eq. (19), jV
13

















) and give the contour plot in Fig. 2 for tan  = 50.
From Fig. 1, we know that the most of the region corresponds to =2  
0
 . Thus,





























=2, its value increases rapidly. This situation is seen from Fig. 2 for
tan  = 50. Thus, we may easily expect the value as large as 0.05. In order to obtain
jV
13









(c) The induced Dirac CP violation phase Æ
The induced Dirac CP violation phase contains 
0
which is not xed in this model.
9
Therefore, in general, the Dirac phase can take any value, until we x the value of 
0
.
In order to estimate the Dirac phase aside from 
0
, we dene Æ
1
given in Eq. (29), which
is obtained by excluding 
0









plain. The solid line shows a curve on which sin Æ
1
takes a xed value.
In the right-half domain, the larger value is obtained. As we stated, if 
0
enters in the
domain    
0
 0, the sign of sin Æ
1
changes.
(d) The eective mass of the neutrinoless double beta decay hm

i
The eective mass hm

i is proportional to m
1
as shown in Eq. (30), it becomes larger
as m
1





All corresponding gures for tan = 20 are shown in Figs. 4, 5, 6. Except for hm

i,
the gures are obtained by shifting the larger m
1




as we can see from the denition of h in Eq. (24). The eective mass hm

i
is almost the same as the case of tan  = 50.
5. SUMMARY AND DISCUSSIONS
In this paper, we discuss a class of neutrino mass matrix which predicts zero or a
small value of jV
13
j and found the inequality in Eq. (28). This constraint gives a severe
restriction for model building of neutrino mass matrix. In particular, the model which






scale than the experimental value obtained from
the solar neutrino mixing is excluded. As a result, the bi-maximal mixing scheme at M
R




< 1 is established.
In this model, jV
13
j in Eq. (19) at m
Z
which is induced radiatively may not be small
as it is shown in Fig. 2, if the neutrino mass m
1
is of order 0.05 eV. The Dirac phase Æ
1
in Eq. (29) at m
Z
which is also induced may not be small in general as we see in Fig. 3.
The eective neutrino mass hm








i depend crucially on the mass m
1
which is assumed to be
around 0.05 eV.
The fact that Majorana phases at M
R
scale can induce a Dirac phase pushes our
dream further to consider the possible relation between a Dirac phase which appears
10






























plain to reconstruct the experimental value of
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= 1, and m
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]. The allowed region is
between 
0
=  and 
0
= 0 curves.
in the neutrino oscillations and the Majorana phase which appears in the leptogenesis.
We believe such scenario does exist and the nding of the missing link will be the most
wonderful and fruitful project.
Recently, Antusch et al.[17] studied the quantum eect for the neutrino mass matrix
which reproduces the Bi-Maximal mixing at the GUT scale, M
G
. They considered the
quantum eect due to heavy Majorana neutrinos. They considered two cases, (i) the
standard model (SM) and (ii) the MSSM with tan  = 5. In both cases, the quantum




is very small so that











= 0:34 at M
R
by the radiative correction.
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|V   |(m1/m3)13












plain for tan  = 50. We use same
values as Fig. 1 for experimental values. Gray curves show the 
0
values as in Fig. 1.
















This model has two special features: One is that the Dirac mass matrix has the inverse
mass hierarchy which disagrees with the naive expectation from the GUT scenario. The
other is that the scale of M
R





order to have larger Yukawa coupling constants, y

, related to the Dirac neutrino mass.
In our case, we consider the large tan  case so that Yukawa coupling constants y

are
small. Thus, the correction is negligible and our result is valid even at M
G
.
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i for tan = 50. We use same values as Fig. 1 for
experimental values. Solid curves denote sin Æ
1





values as in Fig. 1.
AppendixA:Diagonalization of the neutrino mass ma-
trix
We dene diag(1; 1; )O = OX,




































































where  = 1    is a small positive quantity and its value is given in Eq. (8), then we













































plain to reconstruct the experimental value of


in the case of tan  = 20. We use same values as Fig. 1 for experimental values. The allowed
region is between 
0
=  and 
0
= 0 lines.
Now, we diagonalize m

.



















+ Y ; (A.3)
where elements of Y are given up to the 1st order of  as
Y
11
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plain for tan  = 20. We use same
values as Fig. 1 for experimental values. Gray curves show the 
0



































































Y V . The diagonalization of the matrix Y can be
achieved by using the see-saw technique, because jY
33
j is much larger than all other terms.

































































i for tan = 20. We use same values as Fig. 1 for
experimental values. Solid curves denote sin Æ
1





values as in Fig. 4.


















































































































for terms proportional to  to simplify the expression.
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Neutrino masses at m
Z
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